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Reflectance of an absorbing substrate for incident light of
arbitrary polarization: appearance of a secondary
maximum at oblique incidence
R. M. A. Azzam and A. M. El-Saba

The reflectance of an absorbing substrate Ro(q5)is considered as a function of the angle of incidence k and an

incident polarization parameter 0,where cos20 and sin2o give the power fractions of incident radiation that are
p-and s-polarized, respectively. Taking GaAs as an example, we find that at certain wavelengths (e.g., 0.248
and 0.620 ,4m),the Ro vs 0 curve becomes oscillatory in a narrow range of 0 > 450 with an unexpected secondary

maximum appearing at oblique incidence. The extrema of the function Ro(k) are determined numerically,
and their angular positions and reflectance levels are plotted vs 0 for GaAs at photon energiesof 1, 2,and 5 eV.

I.

incidence ( = 900). This behavior is invariably the

Introduction

The reflection of a monochromatic collimated light
beam at the planar interface between a transparent
medium of incidence (usually air,

= 1) and an ab-

sorbing medium of refraction (Elcomplex) is governed
by the Fresnel coefficients1
r, = [e cos0 - (e - sink)"/2 ][e coso + (

-sin20)1/1]

(1)
r = [cos - (e - sin20) 1/

2

/[cos

+

Ro.5= (Rp + R,)/2,

The intensity (or power) reflectance is given by
v = ps.

(2)

The behavior of the functions Rp() and R5 (4)) for a
given complex

is well known.

As 0 increases from

ORp(o))first decreases to a minimum at the pseudoBrewster angle

OpB,

We consider the interface reflectance for incident
light of an arbitrary state of polarization. If q(O < q <
1) represents the fraction of incident radiation which is
p-polarized, the interface reflectance is given by
Rq= qRP+ ( - q)R,.
(3)
The case of q = 1/2,

(e -sin20)1/2,

where p and s identify the linear polarizations parallel
and perpendicular to the plane of incidence, respectively, 0 is the angle of incidence, and = El/EQis the
complex ratio of dielectric constants of the two media.
R, = ror0 ,

same for any complex e.

then increases to 1 as 0 - 900. On

the other hand, R,(O) increases monotonically from a
minimum at normal incidence ( = 0) to 1 at grazing

(4)

previously,2 -4

received attention
as it corresponds to
incident unpolarized light (or, more generally, to light
whose second Stokes parameter referenced to the p
and s directions is zero). Dependent on , the angular
variation of Ro.5(0) resembles either that of Rp(o), with
a minimum at oblique incidence, or that of R,(4))with a
monotonic rise of reflectance. Our objective is to investigate the nature of the curve of Rq(M)for an arbitrary q and to determine the angular positions and
reflectance values of its extrema. An interesting and
previously unknown behavior is discovered, namely,
that Rq(), for a narrow range of q and certain , is
oscillatory with a secondary maximum at oblique incidence.

This is shown for one absorbing substrate,

GaAs, at different wavelengths as a specific example.
For convenience, and without loss of generality, we
substitute
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q = cos 20,

(5)

which puts Eq. (3) in the form
R = (cos2 0)Rp + (sin 20)R,.

(6)

If the incident light is totally linearly polarized, 0 rep-

divided into three parts with distinctly different behavior of Ro(4)).
Figure 1 shows Ro(4) vs 0 for 6 = 0,15,30, and 45°.
= 0 represents purely p-polarized incident light, Ro =

Rp, and the reflectance has a distinct minimum, Rpmin
= 0.3 3 15 at pB = 77.5358°. As 0 increases, the proportion of s-polarized radiation increases. This is accompanied by a small monotonic shift of the angle of minimum reflectance 00minand a significant rise of the
reflectance level at the minimum, Remin. At 0 = 450
(equal power of the p- and s-polarized components),
n'.00
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Fig. 1. Reflectance Ro vs angle of incidence okfor a GaAs substrate
at X = 0.248 ,um ( = -11.5125-j18.5659) and for 0 = 0, 15, 30, and
45°. cos20 and sin2 0 give the proportions ofincidentlightthatarepand s-polarized, respectively. For each 0 in this range, Ro exhibits

we have )45min = 74.4177° and R45 min = 0.6204. Thus
Rominis almost doubled, and 0) min is downshifted by

-3°, as 0 increases from 0 (p-polarized light) to 450
(equal p and s components).
Figure 2 shows R 0(0) vs 0 for 0 = 46, 48, 50, and 520.
Each curve shows a secondary maximum followed by a

only a minimum at oblique incidence.
Table1. Extremaof theRevs0 Curvesa
(Fig.2) for Fourvaluesof 0
0

Omin

Rmin

Omax

Rmax

46
48
50
52

21.4897
36.9288
47.7301
57.9185

0.6684
0.6712
0.6769
0.6859

74.0664
73.1664
71.7698
68.8525

0.6301
0.6492
0.6675
0.6848

a GaAs,X = 0.248 um,
degrees.
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Fig. 2. Same as in Fig. 1 except that now 0 = 46,48,50, and 520. A
secondary maximum and a minimum appear in this range of 0.

resents the azimuth of its electric vector measured
from the plane of incidence.
The extrema of Ro(o) are determined by
MR,/10 = O.

= 0,

(8)

where the derivatives r = r,/a0,v = p,s, are given
elsewhere5 and are not repeated here. r is the complex conjugate of r, as usual. For a given complex e,
Eq. (8) is solved numerically, and iteration on
is

stopped when the left-hand side of Eq. (8) is <10-6.
II.

Reflection by a GaAs Substrate

As a specific example of an absorbing medium, we
take a GaAs substrate with e at different wavelengths X
as given by Aspnes and Studna.6 We assume that the
light is incident from air.
At X= 0.248,gm in the near UV (photon energy E =
h

= 5 eV),

=

-11.5125

-

j18.5659.

0 ,

.75-

(7)

If we substitute from Eq. (2) into Eq. (6) and apply Eq.
(7), the result can be cast in the form
Re[(cos2 O)rr, + (sin20)rr]

.85-

We start with

this complex as it clearly demonstrates the existence
of oscillation of the Ro(4) vs 4 curves. The range of 0 is

.70 -

E
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Fig. 3. Same as in Fig. 1 but for 0 = 52.680. This is a limiting case
that separates the oscillatory (Fig. 2) and monotonic (Fig. 4) regimes
of the Ro vs curve.

minimum. The reflectance levels and angular positions of these extrema are listed in Table I. The
secondary maximum appears as increases just above
450 and disappears as increases above 52.680. Thus
at = 45.0010 we find the secondary maximum located
at = 0.5730, and its level is above the normal incidence reflectance by <10-5. Figure 3 shows Ro()) vs 4

for the upper limit A = 52.680. This monotonic curve
shows the merging of the maximum and minimum
which gives rise to a reflectance plateau in the 55-750
range.
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Fig.4. Same as inFig.l1except that
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Fig. 6.

in this range of 0 indicate a monotonic rise of Ro with 0.
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Minimum and maximum reflectances Rminand Rmaxassociated with the angles kOminand 0maxin Fig. 5.
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Fig. 5. Angle of minimum reflectance Ominas a function of 0. (S 2 0
and sin20 are the power fractions of incident light that are p- and spolarized, respectively.) A GaAs substrate is assumed at X = 0.248
j~tm (e = -11.5125-j18.5659).
For 0 > 52.680, krmi = 0. In the
interval 450 < 0 < 52.680 a secondary maximum appears (see Fig. 2)
whose angular position maxis also indicated as a function of 0.

Figure 4shows RO(4)vs 4)for 6= 60,75, and 900. All
curves show a monotonic increase of reflectance with
incidence angle, but the curve for = 90 (purely spolarized incident light) is significantly different from
that of = 600 (25%p-polarized, 75%s-polarized incident light).
The oscillatory R0 (4)) vs 4) curves for a narrow range

of 6,450 <60<52.68', Fig. 2, represent the most interesting finding of this work. Such behavior is typically
associated with interference in a thin film of thickness
comparable to the wavelength of light. It is remarkable that one can get similar oscillation by reflection at
a single interface when the incident light has the right
mix of the p and s polarizations (being slightly more s
than p-polarized).
Figure 5 shows the variation of 4 )min,(upper branch)
and )m,,. (lower branch) of minimum and maximum
reflectance with the (azimuth) angle in the 0 • 6 •
52.680 range. The secondary maximum appears only
in the 45 < <52.68' interval and merges with the
minimum at the upper limit 6, = 52.680. For >
4036
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Fig. 7.

Same as in Fig. 5 except that now X = 0.620 jom and e

=

14.9944-jl.6265 of GaAs. In this case, the secondary maximum
appears only in the brief interval of 450 < 0 < 45.200.

52.680, 4min = 0 and Ro(4) becomes monotonic with 4
as already noted in Fig. 4.
Figure 6 shows the associated variation of Rmin and
Rmaxwith for GaAs at the same photon energy h = 5
eV and X = 0.248 m.
111. Results for GaAs at Two Other Wavelengths

To illustrate the way in which the results obtained in
Sec. II change as complex e is changed, we consider the
same GaAs substrate at two new wavelengths, X =
0.620 m in the visible and X = 1.24 Atmin the near IR.
At X = 0.620 m (hv = 2 eV), = 14.9944-jl.6365.
Figure 7 shows minand 4 maxas functions of for 40 <
< 460. In the 0 0 400 range, not shown, only 4)min

exists, and it drops monotonically from 75.5575° at =
0 to 68.14670 at = 400. The secondary maximum
appears only in the very brief interval 45 < < 45.20°,
and its angular position moves rapidly from 2.4983 at
= 45.001-38.9086° at = 45.200. Figure 8 shows the
associated Rmin and Rmaxvs .
At X = 1.24 m (hv = 1 eV) GaAs becomes transpar-

ent with a real dielectric constant = 11.7183-jO. For
this , the secondary maximum no longer exists at any
0. Only a minimum appears for 0 0 < 450, and its
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Fig. 10.

Fig. 8. Minimum and maximum reflectances Rminand Rmaxat the
angles Ominand Omaxgiven in Fig. 7 (GaAs,X = 0.620 ,m).

Minimum reflectance Rminat the angle Omingiven in Fig. 9
(GaAs,X = 1.24 jm).

its an unexpected secondary maximum at oblique incidence (Fig. 2) when 0 is in a certain narrow range 45° <
0 < Auand at certain wavelengths. At X = 0.248 and

0.620/im, 6u- 450 equals 7.68 and 0.200, respectively.
The incident radiation for which this interesting oscillatory reflectance occurs is slightly predominantly spolarized. The extrema of the reflectance curve Ro(4)
are determined by solving Eq. (8) numerically, and the
results are presented in Figs. 5-10 and Table I.
It would be interesting to explore the complex
plane (without reference to any specific material) and
define the domains for which the different types of
R() vs 0 curves (monotonic, single minimum, and
secondary maximum and minimum) do occur. This,
however, lies outside the scope of this paper.

28.00

Fig. 9. Same as in Fig. 5 except that now N = 1.24 jim and e =
11.7183-jO of GaAs. No secondary maximum exists in the R0 vs 0
curve at any 0;only a minimum occurs at Kmnin
when 0 S 0 < 450. For
0 > 45°,6lmin= 0.
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Conclusions

We have considered the reflectance of an absorbing
substrate as a function of angle of incidence Ro(4)
when the incident light is in an arbitrary admixture of
the p- and s-polarization states, as represented by the
power fractions cos2 0 and sin26, respectively. By taking GaAs as an example, we observed that R0 (0) exhib-

.
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